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Based on the micromechanics-based constitutive model, derived in our preceding work [Lee, H.K., Pyo,
S.H., 2009. A 3D-damage model for ﬁber-reinforced brittle composites with microcracks and imperfect
interfaces. Journal of Engineering Mechanics-ASCE, in press, doi:10.1061/(ASCE)EM.1943.7889.0000039.],
incorporating a multi-level damage model and a continuum damage model, the overall elastic behavior
and damage evolution of laminated composite structures are studied in detail. The constitutive model is
implemented into the ﬁnite element program ABAQUS using a user-subroutine UMAT to solve boundary
value problems of the composite structures. The validity of the implemented constitutive model is
assured by comparing the predicted stress–strain curves with experimental data available in literature
under uniaxial tension with various ﬁber orientations. The results show that the proposed micromechan-
ics-based constitutive model accurately predict the overall elastic-damage behavior of laminated com-
posite structures having different material compositions, thicknesses and boundary conditions.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
Fiber-reinforced laminated composites are becoming increas-
ingly important for various structural applications concerning
light-weight design (e.g., aerospace, transportation and other
industrial applications) due to their great potentials for weight sav-
ings (Liang et al., 2006). Despite these desirable engineering char-
acteristics, laminated composites are rather fragile and susceptible
to damage, both during initial processing and in service (Lapczyk
and Hurtado, 2007). Even though the damage may not cause cata-
strophic failure, it signiﬁcantly reduces structural stiffness and
structural integrity (Hassan and Batra, 2008). In order to exploit
damage mechanisms and their inﬂuence on the behavior of lami-
nated composites, physically-based reliable prediction tools are
essential.
Many micromechanical models incorporating damage mecha-
nisms have been developed in order to obtain the homogenized
elastic properties of composite materials (Qu, 1993a,b, Tohgo and
Weng, 1994; Zhao and Weng, 1995, 1996, 1997; Ju and Lee,
2001; Liu et al., 2004, 2006; Lee and Pyo, 2007, 2008b; Pyo and
Lee, 2009) and/or to study the effect of microcracks on the elastic
behavior of brittle solids (Karihaloo and Fu, 1989; Lee and Liang,
2004; Lee and Simunovic, 2006; Lee and Pyo, 2009). Many ﬁnite
element (FE) analyses of damage and failure in laminated compos-
ites under various loading cases have also been carried out (Dava-
los et al., 1996; Luciano and Zinno, 2000; Maa and Cheng, 2002;
Basu et al., 2003; Kilic and Haj-Ali, 2003; Rodriguez and Ochoa,ll rights reserved.2004; Liang et al., 2006; Guo, 2007; Lee and Kim, 2007; Maimi
et al., 2007; Teng, 2007; Rudraraju et al., 2008). Davalos et al.
(1996) conducted the analysis of pultruded FRP beams in bending
using FE analysis. Liang et al. (2006) and Lee and Kim (2007) imple-
mented micromechanics-based damage models into an FE code to
simulate laminated plates containing a cutout under uniaxial com-
pression. Guo (2007) conducted numerical and experimental stud-
ies to investigate the effect of reinforcements around cutouts on
the stress concentration and buckling behavior of a carbon/epoxy
composite panel under in-plane shear load.
Development of computational methodologies for the accu-
rate prediction of damage accumulation and growth in continu-
ous ﬁber-reinforced laminated composites is still an active area
of research (Basu et al., 2007), since there still remain various
uncertainties concerning the failure mechanism (Suemasu
et al., 2006). In the present study, a three-dimensional (3D)
micromechanics-based constitutive model (Lee and Pyo, 2009)
incorporating a multi-level damage model and a continuum
damage model is implemented into the ﬁnite element program
ABAQUS using a user-subroutine UMAT to predict the overall
elastic behavior and damage evolution of laminated composite
structures. Continuous ﬁbers are modeled to be elastic cylindri-
cal inclusions that are randomly dispersed yet unidirectionally
aligned in an elastic matrix. Microcracks are assumed to be lo-
cated perpendicular to the ﬁbers and the size of microcracks is
uniform (see also Lee and Pyo, 2009). It is also assumed that
the progression of imperfect interfaces is governed by the aver-
age internal stresses of the ﬁbers as well as the Weibull param-
eters (Lee and Pyo, 2008a). Additionally, it is assumed that
imperfect interfaces of ﬁbers and nucleation of microcracks oc-
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may exist regardless the presence of ﬁbers with imperfect inter-
face. Numerical examples corresponding to various loading con-
ditions and geometries are solved using the implemented
constitutive model to illustrate the potential of the proposed
model. Comparisons between the present prediction and avail-
able experimental data in the literature are conducted to verify
the accuracy of the proposed constitutive model.
The present paper is organized as follows. The effective stiff-
ness tensor for laminated composites (Lee and Pyo, 2009) and
stiffness transformation for off-axis laminated composites are de-
scribed in Section 2. In Section 3, a multi-level damage model (Lee
and Pyo, 2008a) for the progression of imperfect interfaces in
accordance with the Weibull’s probabilistic function and a contin-
uum damage model (Karihaloo and Fu, 1989) for the crack nucle-
ation are summarized. The comparisons between the present
prediction and experimental data (Weeks and Sun, 1998) with
various ﬁber orientations are made to verify the implemented
model in Section 4.1. In Sections 4.2 and 4.3, numerical valida-
tions with different boundary and loading conditions are carried
out to illustrate the potential of the proposed model and to pre-
dict overall elastic behavior and damage evolution of laminated
composite structures.
2. A micromechanics-based constitutive damage model for off-
axis unidirectional ﬁber-reinforced composites
2.1. Recapitulation of effective stiffness tensor for unidirectional ﬁber-
reinforced composites with imperfect interfaces and microcracks
The 3D micromechanics-based constitutive model for unidi-
rectional ﬁber-reinforced composites derived in our previous
work (Lee and Pyo, 2009) is here summarized. Let us start by con-
sidering an initially perfectly bonded three-phase composite con-
sisting of an elastic matrix (phase 0), randomly located
unidirectionally aligned elastic circular ﬁbers (phase 1), and pen-
ny-shaped microcracks (phase 5) as illustrated in Fig. 1 of Lee and
Pyo (2009). The ﬁbers are assumed to be noninteracting and ini-
tially embedded ﬁrmly in the matrix with perfect interface. As0
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Fig. 1. The comparison between the present prediction and experimental data
(Weeks and Sun, 1998) for overall uniaxial tensile responses of AS4/PEEK
composites having three different ﬁber orientations.loads or deformations continue to increase, some initially per-
fectly bonded ﬁbers are transformed to ﬁbers with mild imperfect
interface (phase 2), some ﬁbers with mild imperfect interface are
then transformed to ﬁbers with severe imperfect interface (phase
3), and all ﬁbers are transformed to completely debonded ﬁbers
that are regarded as cylindrical voids (phase 4), and microcracks
are nucleated asymptotically within the proposed framework.
The schematic of this transition is shown in Fig. 3 of Lee and
Pyo (2009).
The effective stiffness tensor C for multi-phase, linear elastic
composites containing arbitrarily non-aligned and/or dissimilar
inclusions can be derived as (Ju and Chen, 1994).
C ¼ C0  Iþ R5r¼1 /rðAr þ SrÞ1  ½I /rSr  ðAr þ SrÞ11
n oh i
ð1Þ
where Cr is the elasticity tensor of the r-phase, C0 is the elasticity
tensor of the matrix, ‘‘” is the tensor multiplication, I is the
fourth-rank identity tensor, /r denotes the volume fraction of the
r-phase inclusion, and Sr denotes the Eshelby tensor for r-phase
inclusion. The fourth-rank tensor Ar is deﬁned as
Ar  ðCr  C0Þ1  C0 ð2Þ
With the help of the Eshelbys tensors for perfectly bonded
cylindrical ﬁbers,completely debonde cylindrical voids, cylindrical
ﬁbers with mild imperfect interface, cylindrical ﬁbers with severe
imperfect interface and penny-shaped microcracks, the stress–
strain relation for the (unidirectional) continuous, ﬁber-reinforced
brittle matrix composite was explicitly derived in our previous
work (Lee and Pyo, 2009) as
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where Cð1ÞIK and C
ð2Þ
IJ are given in the Eq. (14) of Lee and Pyo (2009). A
more detailed description on the proposed elastic damage model for
unidirectional ﬁber-reinforced composites can be found in Lee and
Pyo (2009) and the brief description of the model proposed by Lee
and Pyo (2009) is recapitulated in Appendix A.
2.2. Stiffness transformation for off-axis unidirectional ﬁber reinforced
composites
The X3-axis is chosen to be ﬁber direction and the plane 1–2
corresponds to the transversely isotropic plane of the unidirec-
tional ﬁber-reinforced composites in this study (see Fig. 1 of Lee
and Pyo, 2009). We now consider rotations through an angle h
about the X2-axis to derive the stiffness of off-axis unidirectional
ﬁber-reinforced composites. Following the stiffness transformation
law by Herakovich (1998), one has the following stress–strain
transformations (see also Liang et al., 2006):
rq ¼ C : q ¼ T1 : r1 ð4Þ
q ¼ T2 : 1 ð5Þ
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case in Fig. 1.
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principal coordinate system, the subscript 1 denotes stress and
strain matrices in the global coordinate system, and the transfor-
mation matrices T1 and T2 are given by (see also Liang et al.,
2006)Fig. 3. The ﬁnite element discretization employed to simulate the bendiT1 ¼
cos2 h 0 sin2 h 0 2 cos h sin h 0
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2
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BycombiningEqs. (4) and (5), the stiffnessmatrixof off-axisunidirec-
tional ﬁber-reinforced composites C, which is the transformed stiff-
ness matrix through an arbitrary angle h about X2-axis, is derived as
r1 ¼ T11  C  T2 : 1  C : 1 ð8Þ
where the stiffness matrix of the unidirectional ﬁber-reinforced
composites with the ﬁbers oriented off-axis takes the form:
C ¼
C11 C12 C13 0 C15 0
C21 C22 C23 0 C25 0
C31 C32 C33 0 C35 0
0 0 0 C44 0 C46
C51 C52 C53 0 C55 0
0 0 0 C64 0 C66
2
6666666664
3
7777777775
ð9Þ
in which the components of C are given in Appendix B.ng response and damage evolution of a laminated composite beam.
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tion and experimental data (Huang, 2007) under the three-point bending.
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The multi-level elastic-damage model proposed by Lee and Pyo
(2008a) is adopted here for a complete description of the sequential
progression of imperfect interfaces in the composites. The probabil-
ity of imperfect interface is modeled as a two-parameter Weibull
process and the average internal stresses of ﬁbers are chosen to be
the controlling factor of theWeibull function as (Lee andPyo, 2008a)
/2 ¼ / 1 exp  ð
rf Þm
S0
 M" #( )
ð10Þ
/3 ¼ /2 1 exp  ð
rf Þm
S0
 M" #( )
ð11Þ
/4 ¼ /3 1 exp 
ðrf Þm
S0
 M" #( )
ð12Þ
/3 ¼ /3  /4 ð13Þ
/2 ¼ /2  /3 ð14Þ
/1 ¼ / /2 ð15Þ
where / signiﬁes the original ﬁber volume fraction, /r , where the
subscript r ¼ 1; . . . ;4, denotes the volume fraction of r-phase ﬁbers,0
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parameters.
Assuming that the internal stresses of the perfectly bonded ﬁ-
bers and various types of damaged ﬁbers are the same, the formu-
lation for the internal stresses of ﬁbers required for the initiation of
the imperfect interface explicitly derived by Ju and Lee (2000) and
Lee and Pyo (2009) is simpliﬁed as
rf ¼C1  ½IS1  ðA1þS1Þ1  ½I/S1  ðA1þS1Þ11 : U :  ð16Þ
The brief description of the internal stresses proposed by Ju and
Lee (2000) is recapitulated in Appendix C. By carrying out the
lengthy algebra, the components of fourth-rank tensor U for the
proposed model are explicitly given by
Uijkl ¼ Uð1ÞIK dijdkl þ Uð2ÞIJ ðdikdjl þ dildjkÞ ð17Þ
where the second-rank tensors Uð1ÞIK and U
ð2Þ
IJ can be expressed as
Uð1ÞIK ¼2Eð1ÞIK xf ð2ÞKK þ2Eð2ÞII xf ð1ÞIK þR3n¼1Eð1ÞIn xf ð1ÞnK ; Uð2ÞIJ ¼2Eð2ÞIJ xf ð2ÞIJ ð18Þ
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where the subscript I ¼ 1;2;3 and the components in the form of
second-rank tensors of Eshebly’s tensor for perfectly bonded cylin-
drical ﬁbers, denoted by Sð1ÞIK and S
ð2Þ
IJ , and components of the effec-
tive stiffness tensors gð1ÞIK and g
ð2Þ
IJ in Eq. (22) can be found in Eq.
(3), (33–37) of Lee and Pyo (2009), respectively. In case of tensile
loading, the averaged internal stresses of ﬁbers can be expressed as
ðrf Þm ¼ ðrf Þ211 þ ðrf Þ222 þ ðrf Þ233 þ 2 ðrf Þ223 þ ðrf Þ213 þ ðrf Þ212
 h i1=2
ð23Þ
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ð24ÞFollowing Karihaloo and Fu (1989), the density of nucleated
microcracks in the composites is modeled as the following iso-
tropic scalar function (see also Liang et al., 2006; Lee and Pyo,
2009)
/5 ¼
/v ; ^ 6 ^th
/v þ A 1 ^th^
 B
; ^ > ^th
8<
: ð25Þ
where /v is the initial density of microcracks. ^th ¼ thij thij
 1=2
is
the effective strain threshold below which no nucleation takes
place, A and B are material (nucleation) parameters which de-
pend on the speciﬁc shape and distribution of microcracks, and
^ ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃijijp ¼ 211 þ 222 þ 233 þ 2 223 þ 213 þ 212 	 
1=2 is the current
accumulated effective strain (Karihaloo and Fu, 1989).4. Elastic-damage analysis of laminated composite structures
The proposed constitutive model for laminate composites is
implemented into the nonlinear FE code ABAQUS using a user-
subroutine UMAT to solve boundary value problems. Details of
the FE implementation can be found in Lee and Liang (2004);
Lee et al. (2004); Lee and Simunovic (2006); Liang et al. (2006);
and Lee and Kim (2007). In this section, some comparisons with
numerical and experimental data available in literature are car-
ried out to verify the accuracy of the proposed implemented con-
stitutive model.4.1. Veriﬁcation of the implemented constitutive model
The implemented constitutive model (computational model) is
veriﬁed by comparing the present predictions with experiments
(Weeks and Sun, 1998) on laminated composites under uniaxial
tension with various ﬁber orientations. The stress–strain response
of the AS4/PEEK composites is numerically predicted using the
Fig. 7. The sequence of the deformed shape and von-Mises effective stress of the laminated composite beam during the three-point bending test.
Fig. 8. The FE model for the Iosipescu shear test.
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used in this simulation are adopted from Weeks and Sun (1998)
and Hassan and Batra (2008) as: Em ¼ 6:14 GPa;mm ¼ 0:356;
Ef ¼ 214 GPa;mf ¼ 0:263 and / ¼ 0:6, where the subscript m and
f denote the matrix and ﬁbers, respectively. Model parameters
of the proposed model are estimated according to a set of exper-
imentally obtained stress–strain curve (Weeks and Sun, 1998) on
the composites with a ﬁber orientation of 15. The estimated
parameters (see Lee and Pyo, 2009) are: a1 ¼ 2:0  107; b1 ¼
3:0  107;a2 ¼ 2:0; b2 ¼ 3:0; S0 ¼ 290 MPa;M ¼ 0:8;A ¼ 0:25;B
¼ 1:1;/v ¼ 0:0; ^th ¼ 0:005. In order to verify the predictive capa-
bility of the implemented constitutive model, the model with
the estimated parameters are then compared with experimental
data (Weeks and Sun, 1998) on the composites with different ﬁ-
ber orientations, 30 and 45, which are independent from the
one (15 ﬁber orientation) used for parameter identiﬁcation.
The 3D eight-node, linear brick solid element (C3D8) in ABAQUS
is used to model the laminated composites. Following Hassan and
Batra’s model (2008), a four-ply composite ð216 mm 
15:9 mm  2:54 mmÞ, divided into uniform 84  6  4 FE
meshes, is loaded by pulling the opposite end faces. Fig. 1 exhibits
the comparison between the present predicted uniaxial stress–
strain responses and the experimentally obtained stress–strain
curves (Weeks and Sun, 1998) with various ﬁber orientations
(15, 30 and 45). Overall, good correlations between the present
predictions and the experimentally obtained stress–strain curves
with ﬁber orientations 30 and 45 are observed in the ﬁgure.
The predicted evolutions of volume fraction of ﬁbers and micro-
crack density corresponding to the 15 ﬁber orientation case in
Fig. 1 are shown in Fig. 2. Smooth and gradual transitions from per-
fectly bonded ﬁbers to various types of damaged ﬁbers and a
smooth evolution of microcracks were occured within the present
framework, resulting in nonlinear stress–strain responses as
shown in Fig. 1.
4.2. Experimental comparison of the bending behavior of laminated
composite structures and corresponding damage evolution
To examine the potential of the proposed computational model,
we compare the present prediction with experiments on a 12-ply
carbon epoxy laminated beam ð½0= 45=0=90=0sÞ, subjected to a
three-point bending (Huang, 2007). The beam has a span of
84 mm, a width of 15.1 mm and a thickness of 2.76 mm (Huang,
2007). Fig. 3 illustrates the ﬁnite element discretization employed
to simulate the bending response and damage evolution of the
laminated composite beam. The material properties of the lami-
nated composite beam used in the simulation are adopted from
Huang (2007) as: Em ¼ 3:685 GPa;mm ¼ 0:35; Ef ¼ 210 GPa;mf ¼ 0:2
and / ¼ 0:44. In accordance with the experimentally obtained
load-displacement curve (Huang, 2007), the model parameters
are estimated to be: a1 ¼ 2:0  107 and b1 ¼ 3:0  107;a2 ¼
2:0; b2 ¼ 3:0; S0 ¼ 510 MPa;M ¼ 3:0;A ¼ 0:35;B ¼ 1:15;/v ¼ 0:0
and ^th ¼ 0:005.
The predicted load–displacement curve is compared with
experimental data (Huang, 2007) on the laminated beam under a
three-point bending in Fig. 4. It is seen from the ﬁgure that the
present prediction matches well with the experimental data. The
predicted evolution of volume fractions of perfectly bonded ﬁbers
and various types of damaged ﬁbers and microcrack density versus
displacement of various segments of the beam depicted in Fig. 4
are exhibited in Fig. 5. A nearly linear load–displacement curve is
obtained within the small displacement region, and a nonlinear
load–displacement behavior is then observed as damage occurs
in the interface and matrix. The maximum strain occurs at the bot-
tom position of the mid-span. Fig. 6 shows the comparisons of
damage evolution for each segment. As seen in Fig. 6, the damageevolution of the segment A (the bottom position at the mid-span)
is shown to be the fastest among all the segments shown in Fig. 3.
It is also seen from Fig. 6b that microcracks nucleate rapidly at the
mid-span, and nucleate slowly in the segments E and F. Fig. 7
shows the sequence of the deformed shape and von-Mises effective
stress of the beam during the three-point bending test.
4.3. Experimental comparison of the shear behavior of laminated
composite structures and corresponding damage evolution
Another experimental comparison of the shear behavior of lam-
inated composite structures and corresponding damage evolution
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putational model. The well-known Iosipescu (V-notch) shear test is
numerically simulated to predict the shear characteristics of lami-
nated composites (Broughton et al., 1990; Bhatnagar et al., 1995;
Khashaba, 2004). Fig. 8 illustrates the FE model for the Iosipescu
shear test used in the simulation. The material properties of glass
ﬁber epoxy laminated composites are employed according to
Khashaba (2004) as: Em ¼ 3:2 GPa;mm ¼ 0:36; Ef ¼ 72:4 GPa;mf ¼
0:22 and / ¼ 0:4267. Similar to the previous experimental compar-
isons in Sections 4.1 and 4.2, model parameters are estimated in
accordance with the experimentally obtained load–displacement
curve on a cross-ply laminate ð½75= 152sÞ (Khashaba, 2004).
The estimated parameters are: a1 ¼ 2:0  107 and b1 ¼ 3:0 
107;a2 ¼ 2:0; b2 ¼ 3:0; S0 ¼ 1400 MPa; M ¼ 3:0;A ¼ 0:35; B ¼ 1:1;
/v ¼ 0:0 and ^th ¼ 0:0001. The model with the estimated parame-
ters are then compared with experimental data (Khashaba, 2004)
with different stacking sequences: ½45= 452s and ½30= 602s.
Figs. 9–11 show comparisons of load–displacement curves be-
tween the present prediction and experimental data (Khashaba,
2004) on the cross-ply laminates under shear loading. Both the
predicted and experimentally obtained curves are shown to be
nonlinear beyond proportional limits, due to the accumulation of
damaged ﬁbers and microcracks. A good agreement between theFig. 12. The sequence of the deformed shape and von-Mises effective spresent prediction and experimental data on ½45= 452s is ob-
served, whereas a slight deviation between the present prediction
and experimental data on ½30= 602s is observed in the ﬁgure.
Figs. 12–14 illustrate the sequence of the deformed shape and
von-Mises effective stress of cross-ply laminated composites under
shear loading.5. Concluding remarks
A micromechanics-based constitutive model for laminated
composites (Lee and Pyo, 2009), incorporating a multi-level dam-
age model (Lee and Pyo, 2008a) for sequential progression of
imperfect interface and a continuum damage model for the nucle-
ation of microcracks (Karihaloo and Fu, 1989), is implemented into
the nonlinear FE program ABAQUS using a user-subroutine UMAT
to solve boundary value problems of the composites and to numer-
ically characterize the elastic-damage behavior of laminated com-
posite structures. To verify the computational model, the predicted
stress–strain curves are compared with experimental data avail-
able in literature under uniaxial tension with various ﬁber orienta-
tions. Furthermore, a three-point bending test and an Iosipescu (V-
notch) shear test are numerically conducted and the predictionstress of the ½75= 152s laminated composite under shear loading.
Fig. 13. The sequence of the deformed shape and von-Mises effective stress of the ½45= 452s laminated composite under shear loading.
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assess the accuracy of the proposed computational model.
It has been shown that smooth and gradual transitions from
perfectly bonded ﬁbers to various types of damaged ﬁbers and a
smooth evolution of microcracks were occured within the present
framework, resulting in nonlinear stress–strain and load–displace-
ment responses of laminated composite structures. The predicted
elastic load–displacement behaviors of cross-ply laminated com-
posites under shear loading are shown to have good correlations
with the experimental data (Khashaba, 2004). Numerical valida-
tions and experimental comparisons on laminated composites
with various ﬁber orientations under uniaxial tension conducted
in the present study have also shown that the proposed computa-
tional model can be portrayed as a simulation tool for predicting
the elastic and damage behavior of laminated composite struc-
tures. The proposed computational model will be further extended
to accommodate the visco-plasticity and strain-rate dependency
for a more realistical prediction of laminated ductile composite
structures.
It should be noted that the proposed model disregards other
damage mechanisms (e.g., ﬁber breakage, delamination, micro-
crack growth, etc.) and failure criteria in the composites for sim-
plicity. However, these aspects should be considered in thefuture extension of the proposed model for more realistic charac-
terization of the behavior of laminated composites.
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Appendix A. Recapitulation of the effective stiffness C for
elastic composites with imperfect interfaces (Lee and Pyo, 2009)
The fourth-rank Eshelby’s tensor S1 for perfectly bonded cylin-
drical ﬁbers and S4 for completely debonded cylindrical voids in
the matrix can be derived as (Mura, 1987; Ju et al., 2006)
ðS1;4Þijkl ¼
1
4ð1 m0Þ S
ð1Þ
IK dijdkl þ Sð2ÞIJ ðdikdjl þ dildjkÞ
n o
ð26Þ
Additionally, Lee and Pyo (2009) derived modiﬁed Eshelby’s
tensor Snþ1 for a circular cylindrical inclusion with imperfect inter-
face embedded in the matrix as
Fig. 14. The sequence of the deformed shape and von-Mises effective stress of the ½30= 602s laminated composite under shear loading.
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1
256að1 m0Þ2
SMð2n1ÞIK dijdkl þ SMð2nÞIJ ðdikdjl þ dildjkÞ
n o
ð27Þ
Following Mura (1987), the fourth-rank Eshelby’s tensor S5 for
an oblate spheroidal (thin disc) void (a1 ¼ a2 and a3=a1 ! 0) is em-
ployed to model penny-shaped microcracks as
ðS5Þijkl ¼ Sð3ÞIK dijdkl þ Sð4ÞIJ ðdikdjl þ dildjkÞ ð28Þ
After substituting Eqs. (26)–(28) into Eq. (1) and lengthy alge-
bra, the effective stiffness tensor C for the six-phase unidirectional
composite can be derived as (Lee and Pyo, 2009)
C ¼ Cð1ÞIK dijdkl þ Cð2ÞIJ ðdikdjl þ dildjkÞ
n o
ð29Þ
where
Cð1ÞIK ¼ 2k0vð2ÞKK þ 2l0vð1ÞIK þ R3n¼1k0vð1ÞnK ; Cð2ÞIJ ¼ 2l0vð2ÞIJ ð30Þ
where k0 and l0 denote the Lame constant of the matrix, and the
components nð1ÞIK and n
ð2Þ
IJ are listed in Appendix of Lee and Pyo
(2009).Appendix B. Components of C in Eq. (9)
These components are
C11 ¼ c4 Cð1Þ11 þ 2Cð2Þ11
 
þ c2s2 Cð1Þ13 þ Cð1Þ31 þ 4Cð2Þ13
 
þ s4 Cð1Þ33 þ 2Cð2Þ33
 
C12 ¼ c2Cð1Þ12 þ s2Cð1Þ32
C13 ¼ c4Cð1Þ13 þ c2s2 Cð1Þ11 þ Cð1Þ33 þ 2Cð2Þ11 þ 2Cð2Þ33  4Cð2Þ13
 
þ s4Cð1Þ31
C15 ¼ cs c2 Cð1Þ11 þ Cð1Þ13  2Cð2Þ11 þ 2Cð2Þ13
 h
þs2 Cð1Þ31 þ Cð1Þ33 þ 2Cð2Þ33  2Cð2Þ13
 i
C21 ¼ c2Cð1Þ21 þ s2Cð1Þ23
C22 ¼ Cð1Þ22 þ 2Cð2Þ22
C23 ¼ c2Cð1Þ23 þ s2Cð1Þ21
C25 ¼ cs Cð1Þ23  Cð1Þ21
 
C31 ¼ c4Cð1Þ31 þ c2s2 Cð1Þ11 þ Cð1Þ33 þ 2Cð2Þ11 þ 2Cð2Þ33  4Cð2Þ13
 
þ s4Cð1Þ13
C32 ¼ c2Cð1Þ32 þ s2Cð1Þ12
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 
þ c2s2 Cð1Þ13 þ Cð1Þ31 þ 4Cð2Þ13
 
þ s4 Cð1Þ11 þ 2Cð2Þ11
 
ð32Þ
C35 ¼ cs c2 Cð1Þ31 þ Cð1Þ33 þ 2Cð2Þ33  2Cð2Þ13
 h
þs2 Cð1Þ11 þ Cð1Þ13  2Cð2Þ11 þ 2Cð2Þ13
 i
C44 ¼ c2Cð2Þ23 þ s2Cð2Þ12
C46 ¼ cs Cð2Þ23  Cð2Þ12
 
C51 ¼ cs c2 Cð1Þ11 þ Cð1Þ31  2Cð2Þ11 þ 2Cð2Þ13
 h
þs2 Cð1Þ13 þ Cð1Þ33 þ 2Cð2Þ33  2Cð2Þ13
 i
C52 ¼ cs Cð1Þ32  Cð1Þ12
 
C53 ¼ cs c2 Cð1Þ13 þ Cð1Þ33 þ 2Cð2Þ33  2Cð2Þ13
 h
þs2 Cð1Þ11 þ Cð1Þ31  2Cð2Þ11 þ 2Cð2Þ13
 i
C55 ¼ ðc4 þ s4ÞCð2Þ13 þ c2s2 Cð1Þ11  Cð1Þ13  Cð1Þ31

þCð1Þ33 þ 2Cð2Þ11 þ 2Cð2Þ33  2Cð2Þ13

C64 ¼ cs Cð2Þ23  Cð2Þ12
 
C66 ¼ c2Cð2Þ12 þ s2Cð2Þ23
in which c ¼ cos h and s ¼ sin h.
Appendix C. Recapitulation of the internal stresses of ﬁbers for
initiation of the imperfect interfaces (Ju and Lee, 2000)
The elastic ‘‘noninteracting” eigenstrain 0q is given by
0q ¼ ðAq þ SÞ1 : 0; q ¼ 1;2 ð32Þ
The ensemble-volume-averaged strain for three-phase compos-
ites takes the form
 ¼ 0 þ
X2
r¼1
/rS : 

r ð33Þ
Substituting Eqs. (32) into (33), one may obtain as follows.
 ¼ I
X2
m¼1
/mS  ðAm þ SÞ1
" #
: 0 ð34Þ
Finally, using the volume-averaged stress tensor for q-phase,
one may calculate the averaged internal stresses of ﬁbers as given
in Eq. (16).
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